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The transport properties of a graphene multiquantum well system are investigated numerically using
transfer-matrix method. There are transmission gaps for electrons and holes in the transmission
spectra at tilted incidence. In the transmission gaps, a few resonant tunneling peaks appear, deﬁned
as transmission windows, which are related with the bound states in the quantum wells. Unlike
conventional semiconductor nanostructures, the location and the width of the transmission windows
are sensitive not only to the quantum well width but also the incident angle. The number of the
quantum wells determines the ﬁne structure of the transmission windows. The anisotropic property
is affected in the following way: the increase in well width makes the nonzero-transmission incident
angle range decrease, and the interference effect is enhanced as the well number increases. Tiny
oscillation of the conductance and ﬁne structures in the middle energy range are due to the resonant
tunneling induced by the multiquantum well structure. These oscillating features may be helpful in
explaining the oscillatory characteristics in experiment. © 2010 American Institute of Physics.
关doi:10.1063/1.3445782兴
I. INTRODUCTION

The recent realization of stable monolayer graphene has
attracted considerable attention on the study of its electron
properties.1 This two-dimensional honey-comb structure of
the graphene crystal has many unique properties which are
unseen in other materials. The gapless linear dispersion close
to the Dirac points and the chiral nature of the charge carriers
are the origins of many exotic physical phenomena,1–3 such
as Klein paradox,1,2,4–9 the odd-integer-Hall-effect,1,3,10,11 ﬁnite minimal conductivity,1,12 and specular Andreev
reﬂection13–15 on superconductor–graphene interface.
One merit of graphene relies on the fact that the potential
proﬁle can be modulated by applying a local gate voltage16,17
or by adsorbing adatoms on its surface. This tunability of the
band structure arose much interest to the graphene or carbonbased electronics devices such as graphene quantum dot,
quantum
point
contact,
quantum
well,18,19
or
20–24
superlattice,
which have their prototypes in the wellstudied semiconductor nanoelectronics. In semiconductor
quantum wells, it is well-known that there will be bound
states localized in the potential well. When the energy of the
incident electrons is aligned to the bound states, the transmission may be greatly enhanced by the resonant tunneling.
When multiquantum wells are coupled to each other, the
bound states between two adjacent barriers form minibands
by coupling to each other. It can be expected that the same
phenomenon can be observed in quantum wells made by
graphene. In this study, we are interested in the resonant
coherent transport through graphene nanostructures via the
bound states. The charge carriers in graphene are both electrons and holes, or called positrons, owing to the chirality of
graphene.2 The barriers for electrons become wells for holes
a兲
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in graphene. When the wave function is an evanescent wave
in graphene barriers, a transmission gap emerges in the transmission spectra for non-normal incidence.25,26 We consider a
barrier-well system to examine the property of charge carriers in graphene. In our work, transfer-matrix method20,21,26
will be explored to investigate the transport properties of a
graphene multiquantum well system. The transmission probability, the anisotropic transmission, and conductance for different quantum well number and varying quantum well
width will be calculated and discussed in details. The rest of
our work is organized as follows: the model and theory of
graphene multiquantum well will be described in Sec. II; the
numerical results will be presented and discussed in Sec. III;
at last, a conclusion will be derived in Sec. IV.

II. MODEL AND FORMALISM

Graphene is a single layer of carbon atoms densely
packed in a honeycomb lattice, which consist of two interpenetrating triangular sublattices often labeled A and B. The
charge carriers in the pristine graphene can be described by
massless Dirac equation close to the Dirac points K and K⬘.
The linear dispersion relation 兩E兩 = បvF兩k兩 in the band structure is of signiﬁcance in the electron properties, where vF
⬇ 106 ms−1 is the Fermi velocity and k is the Fermi
wavevector. The wave function can be represented by twocomponent spinor,1,2,13,26,27 which corresponds to the amplitude of the two different triangular sublattice A and B.
We consider a graphene multiquantum well system at
zero temperature and in the absence of carrier–phonon and
spin–orbit interactions. The sample width is assumed to be
large enough that the edge effects can be neglected.28 The
massless Dirac equation can be written as
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关vF共 · p兲 + U共x兲兴⌿ = E⌿,

共1兲

where the components of pseudospin  = 共x , y兲 are Pauli
matrices, p = 共px , py兲 is the in-plane momentum operator, and
U共x兲 is the one-dimensional potential along the direction of
the quantum wells. Therefore, the wave function can be written in the form ⌿ = ⌽共x兲eikyy, where ky = 共E − UL兲 /
共បvF兲sin ␤ is the transversal wavevector, and ␤ is the incident angle. As mentioned above, the longitudinal wave function ⌽共x兲 = 关A , B兴T has two components A and B, which
are corresponding to the wave function of sublattice A and B,
respectively. Thus the Eq. 共1兲 reduces to the follows:

冢

− iបvF

U共x兲 − E
− iបvF

冉


− ky
x

冊

冉


+ ky
x

U共x兲 − E

冊

冣

冉 冊

A
= 0.
B

共2兲

Only U共x兲 with very simple forms can be solved analytically,
for example, the constant potentials in Refs. 2 and 25. In our
work, we use the transfer-matrix method, an effective
method to solve Eq. 共2兲 with smooth potential U共x兲
numerically.21,26,27 In this method, the central region 共nonconstant potential兲 of graphene can be divided into transversal strips, which are thin enough that the potential in each
strip can be viewed as constant. The wave function in the jth
strip can be connected with that in the 共j + 1兲th one by the
continuing requirement of the wave function, thus the transfer matrix from the jth strip to the 共j + 1兲th strip can be obtained. The overall T-matrix is found easily by multiplying
all the partial from the left terminal with potential UL to the
right end with a constant potential UR.
For an explicit example, in the jth strip, the potential
U共x兲 is treated as constant U j as illustrated above. And the
solution of Eq. 共2兲 can be expressed as

A共x兲 = A jeik jx + B je−ik jx ,
B共x兲 =

បvF
关共k j + iky兲A jeik jx − 共k j − iky兲B je−ik jx兴,
E − Uj

共3兲

where k j = 冑关共E − U j兲 / 共បvF兲兴2 − k2y . We can rewrite Eq. 共3兲 in
matrix form

冋 册

A共x兲
= M jR j共x兲C j ,
B共x兲

共4兲

where the matrices M j, R j, and C j are deﬁned as M j
ik jx
A
= 共 បvF共k j+ik1y兲/共E−U j兲 −បvF共k j−ik1 y兲/共E−U j兲 兲, R j = 共 0e e−ik0jx 兲, and C j = 共 B jj 兲,
respectively. Using the condition of continuity of wave function at the interface x = x j+1 between the jth and the 共j + 1兲th
strip, a compact form relation can be found as
M jR j共x j+1兲C j = M j+1R j+1共x j+1兲C j+1,
therefore
C j+1
−1
= R−1
j+1共x j+1兲M j+1 M jR j共x j+1兲C j. Hence, we deﬁne the T-matrix
between two adjacent strips as follows: T共j , j + 1兲
−1
Furthermore, the overall
= R−1
j+1共x j+1兲M j+1 M jR j共x j+1兲.
T-matrix can be obtained straightforwardly by multiplying
the series of T-matrix in every strip: T ⬅ T共J , J − 1兲T共J − 1 , J
− 2兲 . . . T共1 , 0兲.
In graphene, the holes 共below the Dirac points兲 can contribute to the transmission probability at the Fermi level as

FIG. 1. Schematic diagram of the potential proﬁle in graphene multiquantum well system with two wells.

well as the electrons 共above the Dirac points兲 do. Including
the contribution of both charge carriers, the transmission
probability through the central part can be derived as26

T = f共s, ␣兲

冦

冏 冏
冏 冏
T21
T22

2

T22
1−
T21

2

1−

if共E − UL兲共E − UR兲 ⬎ 0;
otherwise.

冧

共5兲

Here the angle ␣ is deﬁned as cos ␣ = kx / k ⬅ បvFkx / 兩E − UL兩,
and f共s , ␣兲 = f 1共␣兲共s + 1兲 / 2 + f 2共␣兲共−s + 1兲 / 2, where f 1共␣兲
f 2共␣兲 = ⌰共− / 2 − ␣兲 − ⌰共 / 2
= ⌰共 / 2 − ␣兲 − ⌰共− / 2 − ␣兲,
− ␣兲 − ⌰共− − ␣兲 + ⌰共 − ␣兲, s = 1 if 共E − UL兲 ⬎ 0 and ⫺1 if
共E − UL兲 ⬍ 0, and ⌰ is the standard step function. For details
of this procedure, we refer to Nguyen’s work in Ref. 26.
The zero-temperature linear conductance26,29 can be obtained as
G=

2ge2W
兩EF − UL兩
v Fh 2

冕



−

d␣ sgn共EF − UL兲T共EF, ␣兲cos ␣ ,
共6兲

where e is the elementary charge, g = 4 is the degeneracy of
electron states, W is the sample width, and EF is the equilibrium Fermi energy. The expression for conductance is rather
general and can be used for any smooth potential.

III. RESULTS AND DISCUSSION

In order to investigate the inﬂuence of the multiquantum
well potential on the transport properties, we consider the
potential U共x兲 as follows:

冦

UL = 0

x⬍0

冧

U共x兲 = V0 sin共G0x兲 0 ⬍ x ⬍ L ,
UR = 0
x⬎L

共7兲

where V0 is the amplitude of the sine potential, L = 共N
+ 1 / 2兲L0 is the length of central region, L0 is the width of a
quantum well, and G0 is the inverse of the width L0: G0
= 2 / L0. The potential proﬁle can be seen in Fig. 1. The
amplitude of the oscillating potential V0 is assumed to be 50
meV, setting the zero-potential point at UL 共or UR兲. The same
procedure is adopted about the relation of the incident angle
␤ and ␣ in Eq. 共5兲 as Ref. 26. Hereafter, we will address the
inﬂuence of the quantum well number and the quantum well
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FIG. 2. 共Color online兲 The transmission probability T as a function of incident energy with the same incident angle for different well number 共a兲 N
= 1, 共b兲 N = 2, 共c兲 N = 3, and 共d兲 N = 10. The solid lines and the dashed lines
correspond to incident angle ␤ =  / 6 and ␤ = 0, respectively. The width of a
quantum well is L0 = 100 nm.

width on the anisotropic transmission probability and the
conductance.
To understand the impact of the quantum well number
on the transport property, we calculated the transmission
probability spectra with different well number. The numerical results are presented in Fig. 2. We found that the central
part is completely transparent at normal incidence 共␤ = 0兲 in
despite of the quantum well number, seen from the dashed
curves in Fig. 2. Owing to the conservation of pseudospins4
in graphene, back-scattering process is suppressed at normal
incidence, which makes the central region transparent. A
transmission gap appears for tilted incidence, which is associated with evanescent wave in the barrier.25,26 The quantum
well for electrons is a quantum barrier for holes in graphene
in virtue of its chiral nature.2 Thus, when the quantum well
number is one, in the negative energy range, there is another
transmission gap emerging, because the charge carriers in
this range are holes, and the quantum well for electrons now
becomes a barrier, shown by the solid line in Fig. 2共a兲. The
most impressive feature is the appearance of a few acute
peaks in the transmission gap of the positive energy range,
which are deﬁned as transmission windows here. When the
incident energy is aligned with the bound states in the quantum well, the transmission is greatly enhanced by resonant
tunneling. The central region has a equivalent quantum well
proﬁle for holes when the quantum well number is two, as
shown in Fig. 1. Therefore, resonant peaks also emerge in the
negative transmission gap, and the ﬁne structure of the posi-

J. Appl. Phys. 107, 123718 共2010兲

FIG. 3. 共Color online兲 The transmission probability T as a function of incident energy E with the same incident angle for different quantum well width
共a兲 L0 = 50 nm, 共b兲 L0 = 100 nm, and 共c兲 L0 = 200 nm. The solid lines and
the dashed lines correspond to incident angle ␤ =  / 6 and ␤ = 0, respectively.
The number of quantum wells is 2.

tive transmission windows in Fig. 2共a兲 becomes two, as illustrated in Fig. 2共b兲. The bound states in the adjacent quantum wells couple to each other to form the transmission
windows with two peaks. The similar resonant tunneling related to bound states has been stated in semiconductor.29
When the quantum well number increases to three 关the
curves in Fig. 2共c兲兴, the ﬁne structure of the transmission
windows is three in the positive transmission gap, while the
ﬁne structure of that in negative transmission gap is two
because the quantum well number for holes is two. The
transmission windows develop into minibands when the
number of quantum wells is very large, as shown in Fig.
2共d兲. The location and the width of the transmission windows
are independent of the quantum well number, as can be seen
in Fig. 2. And the quantum well number determines the ﬁne
structure of the transmission windows. The transmission
windows in transmission gaps have a potential application,
which admit the transmission of the electrons with special
energies. Compared with the results in Ref. 23, Fig. 2共d兲 has
the similar features, the transmission gap and the transmission windows with resonant peaks. However, owing to the
sine potential in our work, the quantum wells for electrons
become quantum barriers for hole, thus the transmission gap
and the transmission windows emerge in the negative energy
range, which are different with the case in Ref. 23.
Since the energy of bound states are insensitive to the
quantum well number, we have calculated the transmission
probability with ﬁxed quantum well number N = 2 for varying quantum well width in Fig. 3. The central region is com-
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FIG. 4. The transmission probability T as a function of incident energy with
the same quantum well number N = 2 for different incident angle: 共a兲 ␤
=  / 36, 共b兲 ␤ =  / 18, 共c兲 ␤ =  / 9, 共d兲 ␤ =  / 6, and 共e兲 ␤ =  / 4. The quantum
well width is 100 nm.

pletely transparent for normal incidence 共␤ = 0兲, no matter
how large the quantum well width is, as indicated from the
dash lines in Fig. 3. Increasing the quantum well width, the
transmission probability decays in the form of e−d within
the transmission gaps range. The resonant peaks in one transmission window are much sharper and closer, which infers
that the interference plays a signiﬁcant role in the transport
for a larger width. The energy difference between two adjacent transmission windows decrease with increasing the
quantum well width, which indicates that the bound states
are denser for a larger quantum well width. The changing of
the width shifts the bound states between two adjacent quantum wells, so the energy location and the width of the transmission windows are varying correspondingly. The number
of the resonant peaks in one positive transmission window is
two and that in one negative transmission window is one due
to the quantum well number N = 2. Thus, the quantum well
width determines the energy location and the width of the
transmission windows, and the quantum well number only
gives the ﬁne structure of the transmission windows.
Another factor to inﬂuence the transmission probability
is the incident angle. A set of the transmission probability for
varying incident angle is shown in Fig. 4. There is no transmission gap at the normal incidence, which is illustrated in
Figs. 2 and 3. As the incident angle increases, the evanescent
wave appears in the barrier part, thus the transmission gaps
and the transmission windows emerge in the positive and
negative energy range in Fig. 4共a兲. Owing to the relation k j

J. Appl. Phys. 107, 123718 共2010兲

FIG. 5. 共Color online兲 The transmission probability T as a function of incident angle ␤ with the same well number N = 2 for different incident energy
共a兲 E = 30 meV and 共b兲 E = −30 meV. The solid line, the dashed line, and
the dotted line correspond to L0 = 50 nm, L0 = 100 nm, and L0 = 200 nm,
respectively.

= 冑关共E − U j兲 / 共បvF兲兴2 − 关共E − UL兲 / 共បvF兲sin ␤兴2, the contribution to the propagating wave number decreases for a large
incident angle. Therefore, the transmission gaps become
wider increasing incident angle, which is evident from Figs.
4共a兲–4共e兲. For the same reason, the locations of the transmission windows induced by the multiquantum well structure
have also changed, and the widths of the transmission windows become narrower. The incident angle affects drastically
the properties of transmission gaps and the transmission windows, which indirectly testiﬁes the anisotropic characteristics
in a graphene multiquantum well system.
In real devices, the electron transport is drastically different from the ballistic regime we assumed due to the existence of disorder in graphene. The defects in graphene
strongly modify the states near Dirac point,5,7 for example,
ripples are crucial for the production of stable graphene,30
vacancies change the density of states close to the Fermi
level,31 the charged impurities induce a particle-hole
asymmetry,32 and so on. The inserting of defects would
change the density of states, leading to the enhancement or
suppression of coherent electron transport. The effect of disorder is the subject of our next work.
The transmission probability as a function of the incident
angle for different quantum well width with ﬁxed incident
energy is presented in Fig. 5. Obviously, the potential is always perfectly transparent for incident angles approaching to
the normal incidence ␤ = 0 due to the Klein tunneling, regardless of the quantum well number and the quantum well
width. The transversal wavevector is enhanced with increas-
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FIG. 6. 共Color online兲 The transmission probability T as a function of incident angle ␤ with the incident energy E = 30 meV for different quantum
well number. The solid line, the dashed line, and the dotted line correspond
to N = 1, N = 3, and N = 5, respectively. The width of a quantum well is L0
= 100 nm.

ing the incident angle, which in turn leads to the reduction in
the transmission probability. The incident energy is assumed
to be 30 meV in Fig. 5共a兲, more than UL, which indicates the
transparency is mostly associated with the transport of electrons through an upward potential. While the incident energy
is assumed to be ⫺30 meV in Fig. 5共b兲, less than UL, which
means the transport is mainly associated with holes through a
downward potential. The transmission probability is suppressed by the interference effect with increasing the quantum well width in Fig. 5. This feature is easily understood in
common sense that an electron can go through a short potential more easily than through a long one. Increasing the quantum well width not only reduces the amplitude of the transmission probability, but also augments the zero-T incident
angle range due to the interference effect in multiquantum
well potential, as seen in Fig. 5. Given a ﬁxed well width
L0 = 100 nm and the incident energy E = 30 meV, the dependence of transmission probability on the quantum well number is presented in Fig. 6. The increasing of well number
makes the anisotropic characteristics more obvious. The reason is that the interference plays an important role in the
transport process, which is similar with the results in Ref. 21.
The effective conductance Gⴱ = G / W 共the conductance
divided by the sample width兲 as a function of Fermi energy,
calculated from Eq. 共6兲, is given in Fig. 7 for the same structures as those discussed in Fig. 6. The effective conductance
Gⴱ vanishes at Fermi energy EF = 0 in despite of the quantum
well number due to the contribution of the term 兩EF − UL兩 in
Eq. 共6兲 共here UL = 0兲. In the low negative and high positive
energy range, the dependence of transmission on the incident
angle is almost the same with each other, so the conductance
becomes linear with the difference 兩EF − UL兩. But the multiquantum well structure brings a few unique features. One
consequence is that the conductance curves oscillate with

FIG. 7. 共Color online兲 The effective conductance Gⴱ as a function of incident energy for different well number 共a兲 N = 1, 共b兲 N = 3, and 共c兲 N = 5. The
quantum well width L0 is 100 nm. The units of G and W are taken as g0
= 2e2 / h and micrometer, respectively.

very small amplitudes in the low negative and the high positive energy range in Figs. 7共b兲 and 7共c兲. This new characteristics should be related with the transmission windows corresponding to bound states induced by the multiquantum
well potential. The absence of this tiny oscillation in the low
negative energy range and the emergence in the high positive
energy range in Fig. 7共a兲 prove the above explanation. The
obvious oscillation in the middle energy range 共−V0 , V0兲 is
attributed to the anisotropic characteristics of charge carriers
through a single quantum well, as shown in Fig. 7共a兲. The
curve in Fig. 7共b兲 and is similar with the curve in Fig. 7共c兲
except for some details in virtue of the different quantum
well number. The relative low value of conductance in the
middle energy range is partly due to the small value 兩EF
− UL兩 and partly due to the anisotropic property in graphene.
The effect of the quantum well width on the conductance for
quantum well number N = 2 is presented in Fig. 8. As the
discussion about Fig. 3, the variability of quantum well
width changes the features of the transmission windows induced by the multiquantum well potential. The increasing of
the quantum well width makes the oscillation more drastic in
the middle energy range owing to the increasing of the resonant states. All these oscillating features may be helpful in
explaining the oscillatory characteristics in experiment.9
IV. CONCLUSION

We have studied the transport properties of a graphene
multiquantum wells system using the transfer-matrix
method. The feature of perfect transmission is testiﬁed at
normal incidence regardless of the quantum well number and
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the middle energy range. The main effect of the quantum
well width is the obvious conductance oscillation in the
middle energy range. These properties might be useful to
understand the experimental conductance oscillation.9
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= 200 nm. The quantum well number is 2. The units are the same as that in
Fig. 6.

the quantum well width. For tilted incidence, there are two
types of transmission gaps in the transmission spectra
through a multiquantum well system. One emerges in the
positive energy range for electrons and the other one emerges
in the negative energy range for holes. Besides, a few transmission windows appear in both transmission gaps. The formation of a transmission window is related to the bound
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window. The number of the quantum wells gives the ﬁne
structure of the transmission windows. For example, the system with N quantum wells determines that the number of
peaks in one positive transmission window is N and the number of peaks in one negative transmission window is 共N
− 1兲. The location and the width of the transmission windows
are sensitive to the quantum well width and the incident
angle, and the quantum well number only determines the
number of resonant peaks in one transmission window. We
also have demonstrated the anisotropic features for different
quantum well number and quantum well width. The increase
in quantum well width makes the nonzero-transmission angle
range decreased. The inﬂuence of the quantum well number
is the enhancement of the interference effect. Some novel
features appear in the conductance curves of the multiquantum well systems, such as, tiny oscillation in the low negative and the high positive energy range, the ﬁne structures in
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